We prove that in characteristic p > 0 a module with good filtration for a group of type E6 restricts to a module with good filtration for a group of type F4. Thus we confirm a conjecture of Brundan for one more case. Our method relies on the canonical Frobenius splittings of Mathieu.
Lemma 2.2 Let λ be dominant and let v −λ * be a nonzero weight vector of lowest weight −λ * in ∆ G (λ). Then v −λ * generates ∆ G (λ) as a U(U)-module, and the annihilator of v −λ * equals the left ideal of U(U) generated by the X (n) α with α simple and n > (λ * , α ∨ ).
Proof Note that U(U) is a graded algebra graded by height. Therefore the left ideal in the lemma is the intersection of all ideals I of finite codimension that contain it and that lie inside the annihilator. But by the proof of [11, Proposition Fondamentale] such ideals I are equal to the annihilator. 2
Let X be a smooth projective B-variety with canonical bundle ω. (Generalizations are left to the reader.) There is by [10, §2] a natural map ǫ : H 0 (X, ω 1−p ) → k so that φ ∈ H 0 (X, ω 1−p ) determines a Frobenius splitting if and only if ǫ(φ) = 1. Let St G be the Steinberg module of the simply connected coverG of G. For simplicity of notation we further assume that St G is actually a G-module. Its B-socle is the highest weight space k (p−1)ρ . Recall that a Frobenius splitting of X is called canonical if the corresponding φ is T -invariant and lies in the image of a B-module map
. If the group G needs to be emphasized, we will speak of a G-canonical splitting. Now suppose X is actually a G-variety. Lemma 2.3 X has a canonical splitting if and only if there is a G-module
Proof There is, up to scalar multiple, only one possibility for a map
We have the following fundamental result of Mathieu [8] .
Theorem 2.4 [9, 6.2] Assume X has a canonical splitting and L is a Glinearized line bundle on X. Then H 0 (X, L) has a good filtration.
Pairings
Now take X = G/B. It follows that (G, H) is a Donkin pair if X has an H-canonical splitting. We also have a surjection St G ⊗ St G → H 0 (X, ω 1−p ). The composite with H 0 (X, ω 1−p ) → k may be identified as in [6] with the natural pairing on the self dual representation St G . Thus we get Lemma 3.5 Let (G, H) satisfy the pairing criterion and let X be a smooth projective G-variety. If X has a G-canonical splitting, then it has an Hcanonical one.
Proof Use lemma 2.3.
2
The following lemma was pointed out to me by Jesper Funch Thomsen.
Lemma 3.6 Let X, Y be smooth projective G-varieties with canonical splitting. Then X × Y has a G-canonical splitting.
Proof Use example 3.3. 
Z ) is isomorphic to a codimension one submodule of the degree three part of the ring of regular functions on V . Using this, one checks with computer assisted computations
Our main aim is to treat the following example.
Example 3.9 For G we take the simply connected group of type E 6 . From the symmetry of its Dynkin diagram we have a graph automorphism which is an involution. For H we take the group of fixed points of the involution. More generally, with our usual notations we have. Theorem 3.10 Assume there are dominant weights σ 1 , σ 2 , σ 3 , so that
2. σ 1 + σ 2 and σ 2 + σ 3 both restrict to the highest weight (p − 1)ρ H of St H . H) is a Donkin pair. In fact it satisfies the pairing criterion. Remark 3.12 One hopes to find a more general method to attack graph automorphisms. Note that for the graph automorphism of a group of type A 2n in characteristic p > 2 there are no σ 1 , σ 2 , σ 3 as in the theorem.
The map
Proof of Theorem 3.10.
We will often write the restriction of a weight to T ∩H with the same symbol as the weight. We first need a number of nonzero maps of H-modules. They are natural up to nonzero scalars that do not interest us.
The first map is the map
. Together with the surjection
The map
is surjective by assumption. In the commutative diagram
the horizontal maps are surjective. So the map
is injective. We obtain a nonzero
The nonzero St H → ∇ G (σ 2 + σ 3 ) combines with the map
and combining this with η 2 η 1 we get
We claim that its image is detected by the evaluation map
This is because η 3 factors through ∇ H ((p − 1)ρ G ) * ⊗ St G , the map η 1 is nonzero, the image of
From the nontrivial η 4 η 3 we get a nontrivial
Then η 5 must be split surjective. Choose a left inverse
of η 5 . It leads to
and the map we use in the pairing criterion is η 3 η 7 . 2 4 The E6-F4 pair.
We turn to the E6-F4 pair of example 3.9. First observe that for p > 13 one could simply follow the method of [2] to prove that the pair is a Donkin pair. Indeed the restriction to F4 of a fundamental representation then has its dominant weights in the bottom alcove. Looking a little closer and applying the linkage principle one can treat p ≥ 11 in the same manner. But for p = 5 one has ̟ 4 ↑ ̟ 1 + ̟ 4 and for p = 7 one has ̟ 1 ↑ ̟ 1 + ̟ 4 . This makes that one has more trouble to see that the restriction of ∇ G (̟ 4 ) has a good filtration with respective layers
So let us apply theorem 3.10 instead. We take
is irreducible. Indeed its dominant weights come in two parts. The weights 0, ̟ 4 , ̟ 1 , ̟ 3 , 2̟ 4 , ̟ 1 + ̟ 4 , ̟ 2 lie in one orbit, and the highest weight lies in a different orbit under the affine Weyl group. To be more specific, But we need an argument that works for p ≥ 3. Now ∇ G (̟ 1 ) is a miniscule representation of dimension 27, and ∇ H (̟ 4 ) = ∇ H (res B B∩H ̟ 1 ) has dimension 26. There are 24 short roots and they have multiplicity one in ∇ H (̟ 4 ). So the map from M := ∇ G (̟ 1 ) to ∇ H (̟ 4 ) hits at least 24 dimensions and its kernel consists of H-invariants. Indeed there are three weights of ∇ G (̟ 1 ) that restrict to zero. They are
It follows that in M ζ 1 + M ζ 2 + M ζ 3 there is just a one dimensional subspace of vectors annihilated by both X α 1 + X α 6 and X α 3 + X α 5 . (These two operators come from the Lie algebra of H.) We conclude that res 
Induction and canonical splitting
We finish with an analogue of proposition [9, 5.5] . It makes a principle from [8] more explicit. The result was explained to us by O. Mathieu at a reception of the mayor of Aarhus in August 1998. It shows once more that canonical splittings combine well with Demazure desingularisation of Schubert varieties.
Proposition 5.1 Let X be a projective B-variety with canonical splitting. Let P be a minimal parabolic. Then P × B X has a canonical splitting.
Corollary 5.2 The same conclusion holds for any parabolic subgroup.
Proof If P is not minimal, take a Demazure resolution Z = P 1 × B P 2 × B · · · × B P r /B of P/B and apply the proposition to get a canonical splitting on
Proof of Proposition We use notations as in [13, Ch. 4, A.4] . Let ζ be the highest weight of St and s the simple reflection corresponding with P . One checks as in [13, A.4.6] that
where π : P × B X → P/B. We are given a map φ : k ζ ⊗ St → End F (X). The required map ψ : k ζ ⊗ St → End F (P × B X) may be constructed by composing maps
Here k −sζ is identified with the weight space of weight −sζ of
).
An element of that weight space has divisor (p − 1)B × B X = (p − 1)X. To see that the image of ψ is not in the kernel of ǫ P × B X : End F (P × B X) → k, it suffices to show that the diagram
commutes and by restricting to the trivial fibration BsB× B X → BsB/B one shows through the following lemma that the bottom map in this last diagram agrees with the map that factors through End F (P × B X, B × B X). 
